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Abstract. Varieties of meshlesscomputational methods have been developed in
recent years for the numerical solution of di®erent problems of scienceand tech-
nology. In particular, these methods have found extensive application in fracture
mechanics, where it is di±cult to solve problems with standard ¯nite elements.

Accurate solution of non-convex boundary problems, such as bodies that con-
tains various typesof °aws by meshlessmethods requires the construction of smooth
contin uous weight functions near discontin uities. Several methods have been re-
cently developed in order to handle problems with single or non-interacting discon-
tin uities. In this work we extend the application of one of thesemethods, di®raction
method, for the caseof complex boundary problems, when a number of discontin u-
ities can lie in the domain of in°uence of a single node.

The advanced di®raction method is useful for many applications, especially
for the caseof strongly interacting °aws which can be caused by stress corrosion
cracking, creep fatigue, crack development, and cracking problems in composite
materials. The improved method is able to signi¯can tly reducecomputational e®orts
for this classof problems and so eliminate the need for extensive nodal re¯nement.

The general algorithm based on the Element Free Galerkin (EFG) approxima-
tion will be presented in the article. The weight functions will be constructed by the
advanced di®raction method. Several numerical examples involving various crack
interactions will be computed and analyzed.

1 Meshless Appro ximation by EFG Metho d

The approximation of a function u(x) at any point x in the domain ­ has
the following form:

uh (x) = pT (x)a(x); (1.1)

where p(x) is a basis and a(x) are unknown coe±cients. The coe±cients
a(x) are calculated by the moving least squaresmethod [1], minimizing the
following weighted L 2 norm:

L =
nX

I =1

wI (x) ¢(pT (x I )a(x) ¡ uI )2; (1.2)
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where wI (x) is the weight function of node I at point x, and n is number
of nodes for which wI (x) > 0. The minimization of L leads to the following
equation:

A(x)a(x) = C(x)u; (1.3)

where

A(x) =
nX

I =1

wI (x) ¢p(x I )¢pT (x I );

C(x) = [w(x1)p(x1); w(x2)p(x2); :::; w(xn )p(xn )];

u = [u1; u2; :::un ]:

Therefore a(x) can be calculated from:

a(x) = A ¡ 1(x)C(x)u; (1.4)

Substituting a(x) into (1.1), the approximation u(x) can be rewritten as a
sum of nodal components:

uh (x) =
nX

I =1

ÁI (x)uI (1.5)

were ÁI is de¯ned as shape function

ÁI = pT (x)A ¡ 1(x)CI (x); (1.6)

and CI (x) is the I -th column of C(x).

2 Mo deling Fracture Mec hanics Problems by EFG

Modeling fracture mechanics problems by EFG consist of choices of nodal
distributions and basis functions, the construction of weight functions, and
their de¯nition near cracks tips.

Usually, the nodal distribution is chosen to be regular quadratic in the
domain of the EFG problem. Several additional nodesshould be intro duced
around the crack line and near the crack tip in order to improve the accuracy
of calculation. In several studies it hasbeenrecommendedto usestar-shaped
array of nodes near the crack tips [2] for linear basis problems, which is
generallyapprovesaccuracyof approximation near singularities but increases
the computational e®orts.

The basis pT (x ) that is used in the calculations of u(x ) is an ordinary
complete polynomial basis.Due to the presenceof discontinuities in fracture
mechanics problems, the basis usually is enriched by additional terms that
are able to capture the ¯eld singularities [3].
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The weight functions used in EFG may have di®erent shapes of domain
of in°uence. Most common are the circle and the quadratic. For the circular
domain of in°uence the most usedweight function is quadratic spline:

w (dI ) =

(
1 ¡ 6 ¢

³
dI

dmI

´ 2
+ 8 ¢

³
dI

dmI

´ 2
¡ 3 ¢

³
dI

dmI

´ 4
dI · dmI

0 dI > dmI

; (2.1)

where dI = jx-x I j is the distance between point x and node point x I , dmI is
the domain of in°uence of node x I , dmI = dmax cI ; where dmax and cI are
constants. cI is the nodal spacing,which is a distance to the secondnearest
node for equally spacednodesand the distance to the third nearestnode for
other nodal distributions. The value of dmax is varying from two to three in
di®erent EFG problems.

In fracture mechanics problems, the presenceof discontinuities in the
nodal domain of in°uence such as cracks results in a signi¯cant lack of accu-
racy. To handle this problem it is necessaryto increasethe nodal re¯nement
near cracks or to apply a method that will allow the construction of continu-
ous and smooth approximations around cracks. For this purpose,there were
created several methods that smoothly construct weight functions around
non-convex boundaries: di®raction method [4]; visibility method [5], trans-
parency method [4], \see-through" method [2].

In this work we usethe di®raction method, which an accuratemethod for
fracture mechanics problems [3]. In this method dI is modi¯ed for all points
x for which the line (x I ; x) intersects the crack line (Fig. 1). The modi¯ed

Fig. 1. The weight functions by the di®raction method for single-crack problem.

form of the weight function distance dI is:

dI =
µ

s1 + s2 (x)
s0 (x)

¶ ¸

¢s0 (x) ; (2.2)
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where s1= jjx I ¡ xcjj , s2(x)= jjx-xcjj , s0(x)= jjx-x I jj , x I is node, x is the sam-
pling point, xc is coordinates of the crack tip, ¸ is di®raction method param-
eter. Parameter ¸ equal to 1 or 2 is found to be optimal [3]. In our work we
will use¸ =2.

The shape functions calculation dependson the choice of weight and ba-
sis functions. Here we present an exampleof shape function and its x spatial
derivative for singlecrack problem (Fig. 2). The weight function is spline func-
tion calculated by the di®raction method with di®raction parameter ¸ =2 .
The basis is linear.

Fig. 2. Spline weight function (a) and its x spatial derivativ e (b) wrapping a crack.
by di®raction method (¸ =2) and shape function (c), and its x derivativ e (d).

3 Adv anced Di®raction Metho d

To handle strongly interacting multi-crack problems, when the distance be-
tween cracks can be smaller then the domain of in°uence of the nodes, a
special algorithm for the construction of weight functions was developed.
This algorithm is an improvement of the di®raction method, and we will call
it the advanced di®raction method (ADM) .
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Fig. 3. Paths xI , x1c ,. . . , xnc , x for various con¯gurations of di®racting cracks.

The general processof calculation of weight function wI (x) for node x I

and sampling point x by ADM is given by:

1. When the line (x I ; x) doesnot intersect any crack then point x we call it
\ visible" and then wI (x) is calculated by formula (2.1), wheredI = jx-x I j.

2. Otherwise, the point x is \ invisible" and then
2.1. We look for all crack lines that are crossedby the line (x I ; x). We call

thesedi®racting cracks (cracks 1, 2, 3 on Fig. 3a).
2.2. For all n di®racting cracks we are looking for the shortest path, con-

necting x I node point with the samplepoint x going through one of
the two tips of each of the di®racting cracks (Fig. 3a, b).
The optimal path may skip part of the di®racting cracks tips (crack
number 2 on Fig. 3a) and that if no segment of this path crossesother
di®racting cracks.
It is necessaryto note, that there is a possibility that two or more
cracks may have common tips. In that case such tips can not be
included to the path (Fig. 3c).
Let us sign tips of di®racting cracks that the path is going through
them as x i

c, where i = 1::n.
2.3. Modifying dI by formula (2.2), where s1; s2(x) are modi¯ed by the

following rule (Fig. 4):
s1= jx I ¡ x (1 :1)

c j,
s2(x) = s(1 :1)

2 (x) + s(1 :2)
2 (x)+. . . + s(k )

2 (x)+ jx- x (n )
c j,

where s(k )
2 (x)= jjx (k+1)

c ¡ x (k )
c jj , k = 1; : : : ; n ¡ 1.

2.4. If the modi¯ed dI · dmI then the wI (x) is calculated by (2.1), other-
wise wI (x) = 0:

In Fig.5, the weight function distributions for tree con¯gurations of two cracks
by the advanced di®raction method are illustrated.

4 Calculation of fracture mechanics parameters by
EFG

The contour J -integral was developed in 60's simultaneously by Rice in the
United States and by Cherepanov in the former Soviet Union. It was shown
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Fig. 4. The weight functions by advanceddi®raction method for multi-crac ks prob-
lem.

Fig. 5. Spline weight functions by di®raction method (¸ =2): two parallel cracks
(a), two angle and spacedcracks (b), two angle connected cracks (c).

that the J -integral could be usedas fracture criteria for elastic-plastic mate-
rials.

There are several methods for calculation of the stress intensity factors
and J -integral by numerical methods. It is displacement extrapolation, virtual
crack extension, strain energy release rate, J -integral, and other techniques.
The overview of thesemethods onecan ¯nd in [7]. In this work we apply area
(domain) J -integral approach for calculation of J -integral values, while the
stressesand displacement calculations are performed by EFG method. The
area J -integral is calculated as:

J =
Z

A

·
¾ij ¢

@ui

@x1
¡ W ±1j

¸
@q
@x j

dA; (4.1)

where W =
"R

0
¾d" is the strain energy density, ¾ is the stress tensor, u

is displacement, A is an area of J -integral domain, q is a weight function
that equal to 1 on the inner boundary of J -integral domain, 0 on the outer
boundary and arbitrary elsewhere.
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5 Implemen tation and Practical Applications

5.1 General

Individual cracks, system of cracks, voids, void accumulations, inclusions,
and other barriers can changeboth the stressintensity factor, K , and the J -
integral value of a developing main crack, and the direction and velocity of its
propagation. Such interactions also modify the characteristics of stress¯eld
distribution around barriers. A number of authors have investigated these
phenomenaboth theoretically and experimentally [8-10].

One of the common types of fracture in the industry is stresscorrosion
cracking. The phenomenonof stresscorrosioncracking is associated with the
appearanceof micro-cracks and cracks in steel structures under the in°uence
of aggressive media and stress.Frequently , stresscorrosion micro-cracks are
denselydistributed and the distancebetweenthem could be about 1-3 grains
(Fig. 6). Therefore,applied loadsprovokemicro-crack interaction, resulting in
direction change,and accelerationor obstruction of main crack development.
Consequently , the stressintensity of combined °aws may increaseor decrease.

To investigate the problem of cracks interaction we considerincreasingor
decreasingof J -integral value of individual crack versusthe position, orien-
tation, and distanceof other cracks aswell asstress¯eld distribution around
of a system of defects.

Fig. 6. Stress corrosion micro-cracks interaction. Changing of direction of crack
propagation.

5.2 Tw o-crac ks in teraction problems

Tw o-crac k in teraction problems design and metho d of calculations.
Three typical caseswere consideredof the °aw interaction that had been
observed in the piping of nuclear power plants and models were constructed
of the interaction of paired cracks in the element of the structure (Fig.7). The
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investigation was performed with the assumption that the material of the
specimenwas elastic, and isotropic. The geometry of the selectedspecimens
was thin, rectangular, with 4Lx8L dimensions(Fig.7a,c,e).

Let J be the J -integral value of the ¯rst crack interacting with the second
one and J 0 is original J -integral value of the ¯rst crack in the specimen
without other cracks. The error of computation of J 0 was less then 0.5%
relatively to the referenceone [7].

The following EFG schemewas usedfor computation: Specimen domain:
21x41 nodes and additional star-shaped arrays of nodes around of cracks
tips. Basis: linear; Weight functions: spline weight functions by advanced
di®raction method, ¸ = 2;

Results and discussion. Case1. In the ¯rst case(Fig. 7a, b), the length
of edgecrack 1 is L and its position is stable to a normally applied load. The
length of crack 2 is alsoL; and initially it is positioned collinearly to the edge
of crack 1. The distance d between the two cracks is constant at d = 0:4L .
The secondcrack rotates around the tip of the ¯rst crack asshown in Fig. 7a.

Analysis of the calculations demonstrates that the created algorithms
enable the correct evaluation of the interaction between cracks located at
di®erent anglesand at di®erent distance from each other. It was shown that
the presenceof other °aws in the ¯eld of the main crack results in J -integral
increasing(amplifying e®ect)or decreasing(shielding e®ect).Particularly , it
was establishedthat the J -integral value of the main crack increasesas the
angle of interaction increasesfrom 00 to 200. The maximal value of the J -
integral of the main crack increasesabout 145%relative to the J o value and
the in°uence of the secondcrack on the ¯rst one is maximal. This agrees
with several known facts [8-10] that a stress-corrosionmain crack most prob-
ably coalesceswith stress-corrosionmicro-cracks that are located at angles
of about 100-300 to it and micro-cracks development occurs most commonly
around randomly dispersedinclusions, at anglesbetween150 and 300.

For interaction anglesgreater than 300, the value of the J=Jo decreases,
as the angle increases.At anglesbetween1000 and 1200, the J -integral value
is closeto J o. This shows that the in°uence of the secondcrack on the ¯rst
one is almost negligible for those angles,becausethe secondcrack is located
behind the edgecrack.

This phenomenonwaspointed out during experimental attempts to achieve
directed fracturing of the metal [8, 9]. The authors of this article tried to de-
creasethe dissipation energyof the crack development by creating notchesof
di®erent con¯gurations and orientations. This establishedthat stressconcen-
trators located at anglesbetween1000 and 1800 to the main crack provoked
its development in 30-40% of the cases,while those oriented at angles be-
tween150 and 300 to the main crack assistedthe fracture processin 90-95%
of the cases.

Case2. In the secondcase(Fig. 7c,d), cracks 1 and 2 are the samelength
L . They are positioned collinearly and the initial distance d between them
equals0:2L . Crack 2 wasmoving away from the tip of edgecrack 1 (Fig. 7c).
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The investigatedcaseof crack interaction wasselectedasa clear example
for testing the reliabilit y of calculated results. Earlier experiments [8, 9] have
shown that cracks located on the sameline decreaseresistanceto fracturing
due to stress¯eld redistribution around their tips. Our calculation (Fig. 7d)
clearly demonstrated the fact that J=Jo value decreasesexponentially as the
distance between crack tips increases.This expressesthe physically evident
fact that the mutual in°uence of cracks decreasesas the distance between
them increases.

Case3. Both cracks 1 and 2 have length L and their axesare parallel to
each other (Fig. 7e,f). The initial distance, d betweenthe two cracks is 0:2L .
Crack 2 movesaway from crack 1 parallel to its axis.

As the distance betweentwo parallel cracks increasestheir mutual in°u-
encedecreases.As a result, the J -integral value of an individual crack should
achieve its original value, if the other crack is at a su±ciently big distance
from the ¯rst one.

The results of our calculations demonstrate this (Fig. 7f). It can be seen
that asthe distancebetweeninteracting parallel cracks lessthan their length,
the ratio J=Jo is constantly less than one. This meansthat parallel cracks
block the development of each other. This phenomenonwas described in the
theoretical works [10],and wasalsonoted experimentally and usedin practice
for creating composite materials that are stable to crack propagation. For
example, a composite epoxy resin and graphite material was created with
a large enough concentration of regularly distributed graphite inclusions to
achieve optimal small distances between them. In this way, possible crack
development was avoided by increasingthe material's resistanceto fracture.

5.3 System of cracks in teraction problems

To illustrate the abilit y of the method to solve complicated casesof cracks
interaction such asarbitrary systemof cracks we present hereother example.

In the Fig. 8 one seethe distribution of stressesobtained by EFG and
advanceddi®raction method for the systemof six cracks initiated near inclu-
sions.One can observe an obvious interaction betweenneighborhood cracks.
The stressesaredistributed smoothly around high density crack system.They
are achieve their maximum at the outer tips of the system,while almost ab-
sent at the tips that are laying inside of the system. All those observations
demonstrate that the solution provided by EFG and advanced di®raction
method with limited nodal density provides smooth and accurate solution
for the caseof system of interacting cracks. In this example 31x31 nodes
where used. Additionally nodes where added at the tips and edgesof each
crack. Several nodes had two or three cracks in their domain of in°uence
at the sametime and weight functions for these nodes where calculated by
advanceddi®raction method.
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Fig. 7. Three casesof °aw interaction.
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Fig. 8. Stressesdistribution around the system of cracks and the metallurgical
photography of this system of cracks initiated near inclusions.
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